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1. flat bands (FB): basics

2. compact localized eigenstates (CLS)

3. All Bands Flat (ABF), chiral FBs, anti-PT FBs

4. Wannier-Stark FBs

5. disorder

6. experiments



What is the most famous flat band ???



I will not talk on this:

Klaus von Klitzing 1985
2d electron gas in magnetic field
Quantum Hall effect
Quantized conductance
Landau levels
Protected by topology

ALL BANDS FLAT !!!

But this is NOT what I will discuss. 
Though we might get back to it



And I will not talk on that:



Waves in periodic structures

D. N. Christodoulides et al., Nature 
424 817 (2003)

Band structure

H. Trompeter et al., PRL 96, 023901 
(2006); PRL 96, 053903 (2006)

http://darpa.mil

http:/en.wikipedia.org

Bloch oscillations & 
Landau-Zener 

tunnelling

Discrete solitons
Anderson 

localization

T. Schwartz et al., 
Nature 446, 52 

(2007)



Waves on lattices

D. N. Christodoulides et al., Nature 
424 817 (2003)

Band structure

H. Trompeter et al., PRL 96, 023901 
(2006); PRL 96, 053903 (2006)

Bloch oscillations & 
Landau-Zener 

tunnelling

Discrete solitons
Anderson 

localization

T. Schwartz et al., 
Nature 446, 52 

(2007)
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Tight Binding Networks:

Consider periodic lattice with discrete translational invariance:

band structure Eµ(k)

1  µ  ⌫

flat band : rkEµ0(k) = 0 for any k







Invert the procedure!

If we find one CLS, we find a macroscopic number!

All to the same eigenvalue!

So we know then there must be a Flat Band!

Without the painful transformation into k-space!

Without the need to diagonalize matrices!

How can we find the CLS?



Flach,Leykam,Bodyfelt,Matthies,Desyatnikov, EPL (2014)
Detangling U=1
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FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
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�
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, ✏�n =
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2

�
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�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.
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Apply unitary transformation to each unit cell:

~̃ n = U ~ n



2

FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
1

2

�
✏an + ✏bn

�
, ✏�n =

1

2

�
✏an � ✏bn

�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.

Invert the procedure, generalize to all U=1 classes of models !

This is the most general Flat Band Generator in any 
lattice dimension d and any hopping range for class U=1

~ n = U�1 ~̃ n

Flach,Leykam,Bodyfelt,Matthies,Desyatnikov, EPL (2014)



~ n is a vector with components  µ,n

µ = 1, 2, ..., ⌫
E ~ n =

P
m Hn�m

~ n�m , Hm = H
†
�m

Hm ⌘ 0 for |m| > |mc

mc = 1:

H0
~ n +H1

~ n+1 +H
†
1
~ n�1 = E ~ n

Some formula for d=1



Maimaiti,Andreanov,Park,Gendelman,SF, PRB 2017

…….. 

…….. 

CLS 

⌫ = 2 , mc = 1



Su�cient condition for the existence of a CLS with mc = 1:
tridiagonal U ⇥ U block matrix

0

BBBBBBBBB@

H0 H1 0 0 . . . 0
H

†
1 H0 H1 0 . . . 0

0
. . .

. . .
. . .

. . .
...

...
...

0 . . . 0 H
†
1 H0 H1

0 . . . 0 0 H
†
1 H0

1

CCCCCCCCCA

possesses CLS as eigenvector (~ 1,
~ 2, . . . ,

~ U ) and

H1
~ U = H

†
1
~ 1 = 0 .

The most general FB Tester in one dimension

Maimaiti,Andreanov,Park,Gendelman,SF, PRB 2017



Turning the FB Tester into a systematic local new FB Generator for d=1

U = 1, ⌫ = 2, mc = 1:

H0 =

✓
0 0
0 1

◆
, H1 =

✓
0 0
0 |d|ei'

◆

We obtain all known FB models (e.g. cross-stitch) plus their
time-reversal symmetry broken extensions!

Maimaiti,Andreanov,Park,Gendelman,SF, PRB 2017



U=2, two bands, d=1

U = 2, ⌫ = 2, mc = 1:
H1 = ↵|✓, �ih', �|

|', �i =
✓

cos'
e
i� sin'

◆

|✓, �i =
✓

cos ✓
e
i� sin ✓

◆

Flat band energy

Basis rotation yields generalized sawtooth
v/h lines: zero onsite energies
Curved lines: two hoppings equal

Maimaiti,Andreanov,Park,Gendelman,Flach, PRB 2017

(a) Generalized sawtooth (ST)
(b) known ST : filled circles
(c) new ST : filled squares



Generalizing FB Generator for d=1 to any number of bands and any U



Extending FB Generator to d=2, and more: beautiful results!

Wulayimu Maimaiti, Alexei Andreanov, SF, PRB 103, 165116 (2021)

• Shape of CLS relevant classifier in d=2
• All Bands Flat: U=1 in suitable basis!



flat bands: a needle in the haystack 
with a surprising internal structure

• you do not simply run into a FB lattice Hamiltonian

• A typical lattice Hamiltonian will lack FBs

• finetuning in H-space of lattice Hamiltonians for FBs

• symmetries in H-space: predict and protect FBs

• perturb FB Hamiltonians off finetuned subspaces

• expect many exotic phases with phase transition hypersurfaces

• transition surfaces will originate from FB H-subspace

• FB H-subspaces act like singularities

• finetune perturbations or many body interactions !



Flat Bands and Compact Localized States  

Finite hopping range, finite band number

A Flat Band

COMPACT LOCALIZED STATES as FB eigenstates!

Due to DESTRUCTIVE INTERFERENCE !

The CLS set can be:
• orthonormal è spans the entire FB Hilbert space
• linearly independent è spans the entire FB Hilbert space
• linearly dependent è missing states: CLLines, band touching

Certain fine-tunings allow for ALL BANDS FLAT (ABF) – orthonormal!



Compact Localized States in FB Hamiltonians
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A bit on history

(c)(b)(a) (d)

B. Sutherland 1986
CLS in dice lattice!

E.H.Lieb 1989
HTSC, CoO2 planes
Hubbard model
Bipartite lattice
FB ferromagnetism

A.Mielke 1991
Line graphs!

H.Tasaki 1991
Decorate!
Perturb!
Keep FBs!
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CLS-based FB generator

• A black box, with knobs
• Turn the knobs to the right position of FB classification
• Then turn the handle
• The box will produce all FB Hamiltonians

The knobs:

• Lattice dimension : d
• Number of bands : ν , aka number of lattice sites per unit cell
• Unit cell size of CLS : U
• Shape of CLS : s (for d>1)

SF, D.Leykam, J.Bodyfelt, P.Matthies, A.S.Desyatnikov, EPL 105, 30001 (2014)

W.Maimaiti, A.Andreanov, H.C.Park, O. Gendelman, SF, PRB 95, 115135 (2017)

W. Maimaiti, SF, A. Andranov, PRB 99, 125129 (2019)

W. Maimaiti, A. Andreanov, SF, PRB 103, 165116 (2021)

W. Maimaiti, A. Andreanov, PRB 104, 035115 (2021)



All Bands Flat

finite hopping range and number of bands, All Bands Flat: orthonormal CLS

à a finite number of noncommuting local unitaries will diagonalize H

historical examples: Vidal et al PRL 85 3906 (2000), PRL 81 5888 (1998) 



Antisymmetries



Bipartite Lattices Possess Chiral (Sublattice) Symmetry

• the lattice separates into A and B sublattices
• onsite energies are zero
• hoppings connect only A with B sublattices
• hoppings within each sublattice are absent

That is chiral symmetry

E A
i =

X
ti,j 

B
j

E B
i =

X
ti,j 

A
j

if { A, B} is eigenstate to energy E

then {± A,⌥ B} is eigenstate to energy �E
H =

✓
0 T

T
† 0

◆

Ramachandran,Andreanov,SF, PRB96 161104(R) 2017

Symmetry protected FB generators: Chiral Flat Bands



Lieb’s theorem (Lieb PRL 1989):

if dimension dA is larger than dB

then there exist at least (dA � dB) eigenstates

{ A, 0} with energy E = 0.
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Symmetry protected FB generators: Chiral Flat Bands



the CLS is always located on the majority sub lattice

assume that the CLS has a volume V
the number of equations ne ⇠ eV + sV 1�1/d

the number of variables nv ⇠ vV
for large enough V a CLS can be always computed

⌫ = 3 : CLS with U = 1 exceptional even in d = 1
⌫ = 5 : CLS with U = 1 only for d = 1 and µA = 4

Chiral Consequences

This is in particular true for any symmetry-preserving hopping disorder:
Chiral flat bands are protected by symmetry, and their modified CLS as well!



anti-PT protection

• d-dimensional tight binding non-Bravais lattice, with odd number of bands

• anti-PT symmetry:                                                       è central band E=0 is flat!

• This symmetry protected FB supports compact localized states

• Add DC field: infinite Wannier-Stark ladder of (d-1)-dimensional irreducible
band structures

• Each irreducible band structure keeps one flat band!

• No compact localized states! Only exponential localization!



Wannier-Stark FBs: all different!

• d-dimensional tight binding Bravais lattice: one dispersive band

• Add DC field: infinite Wannier-Stark ladder of (d-1)-dimensional FBs!

• No compact localized states! Superexponential Localization!

• Only condition: no hoppings aligned along the direction perp to the DC!

è

_______
_______
_______
_______
_______
     kperp



+ perturbation = ?

Single particle perturbations (linear wave equations):
• CLS hybridization with dispersive states for non-gapped FB
• CLS-CLS hybridization (e.g. for gapped FB, or AllBandsFlat! )

Many body perturbations (linear, but high dimensional Hilbert space):
• critical filling factors for fermions due to Pauli for U>1
• interactions destroy ground state degeneracy
• Interaction induced transport

Mean field perturbations (nonlinear wave equations):
• persistence of CLS as periodic orbits
• enhancement of transport due to interactions



Weak Disorder 

Non-gapped FB: 
CLS represent strong scatterers
Effective Cauchy disorder for dispersive states
Novel scaling law at FB energy

Gapped FB:
Finite localization length due to CLS-CLS hybridization
Finite localization length due to gap separating from dispersive bands

Chiral FB with symmetry-preserving disorder:
CFB is preserved, and protected by nonzero gaps
CLS modify but stay compact

2

FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
1

2

�
✏an + ✏bn

�
, ✏�n =

1

2

�
✏an � ✏bn

�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

í
n

pn

f n

í
n

pn bn

f n

(a) (b)

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.

S. Flach et al, EPL (2014); D. Leykam et al, EPJB (2017)



Example: Cross-Stitch
2

FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
1

2

�
✏an + ✏bn

�
, ✏�n =

1

2

�
✏an � ✏bn

�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.

Detangling Flat Bands into Fano Lattices
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Macroscopically degenerate flat bands (FB) in periodic lattices host compact localized states
which appear due to destructive interference and local symmetry. Interference provides a deep
connection between the existence of flat band states (FBS) and the appearance of Fano resonances
for wave propagation. We introduce generic transformations detangling FBS and dispersive states
into lattices of Fano defects. Inverting the transformation, we generate a continuum of FB models.
Our procedure allows us to systematically treat perturbations such as disorder and explain the
emergence of energy-dependent localization length scaling in terms of Fano resonances.

PACS numbers: 03.65.Ge, 73.20.Fz

Introduction — The e↵ect of interactions and disor-
der on wave transport in periodic potentials, such as
electrons in crystals, is strongly amplified if the band-
width (kinetic energy) is small. A particularly interesting
situation arises when some of the dispersion bands be-
come strictly flat and macroscopically degenerate. Then,
any relevant perturbation lifts the degeneracy and de-
termines the emerging highly correlated and nontrivial
eigenstates. A celebrated example is the fractional quan-
tum Hall e↵ect, which occurs as a result of interactions
and the flat-band (FB) degeneracy of Landau levels of
electrons in a magnetic field [1]. There is a growing
e↵ort [2, 3] to construct FB lattice models supporting
new topological phases, which may be realized in diverse
settings including ultracold atoms in optical lattices [4],
light in waveguide arrays [5], and exciton-polaritons in
microcavities [6], and further new wave-transport phe-
nomena [7–9]. Engineering FB lattice models has been
extended to three-dimensional (3D) [10], 2D [8, 11, 12],
and even 1D settings [13, 14].

A number of FB construction pathways using graph
theory were suggested [13, 15, 16]. They use com-
pact states which are fully localized on several lattice
sites [11, 13]. The origin of these compact flat-band states
(FBS) is destructive interference e↵ectively decoupling
FBS from the rest of the lattice, similar to antisymmet-
ric bound states in the continuum [17]. The interfero-
metric nature of FBS suggests the appearance of Fano
resonances [18], similar to the universal role of Fano in-
terference in competition with bound states in the contin-
uum [19], phase dislocations [20], and Anderson localiza-
tion [21]. The compactness of FBS significantly modifies
disorder induced localization and metal-insulator transi-
tions [10, 22, 23] and may be instrumental in achieving
topological Anderson insulators [24].

In this Letter we develop a generic detangling proce-
dure of FBS from the dispersive part of the lattice, which

allows to track the impact of perturbations in a system-
atic way. We transform and detangle the FBS and dis-
persive states into a lattice of Fano defects. Inverting
the scheme, we derive a continuum of FB models. In
the case of an on-site disorder potential, the symmetric
part of it lifts the FB degeneracy yet keeps the com-
pact localization of FBS. The antisymmetric part turns
perturbed FBS into Fano resonances, and yields Fano-
induced Cauchy tails for the potential felt by the dis-
persive states. Hence, weak disorder enforces di↵erent
energy dependent localization length scales, and highly
nontrivial mode profiles at the FB energy.
Flat band models and compact localized states — Con-

sider a lattice wave eigenvalue problem of the type E j =
✏j j �

P
j0 tjj0 j0 with complex scalar components  j ,

where the matrix tjj0 defines some coupling between
them, ✏j are onsite energies. Such a model has a band
structure E⌫(k), ⌫ = 1, 2, ..., µ (with crystal momentum
k and band index ⌫). Excluding the trivial case of just
one band, µ = 1, we consider a model with at least one
FB for which E⌫(k) = const. Due to this macroscopic de-
generacy, FB eigenvectors may be mixed to obtain highly
localized FB eigenvectors [11, 13, 25]. In Fig. 1 we show
that indeed for a set of known FB models, compact lo-
calized FB eigenvectors exist. We classify the compact
localized FBS by the number U of unit cells occupied by
each state.
Detangling into Fano lattices — The simplest 1D case

with µ = 2 and class U = 1 is the cross-stitch lattice,
shown in Fig. 1(a). Amplitude equations read

E an = ✏anan � an+1 � an�1 � bn�1 � bn+1 � t bn , (1)

E bn = ✏bnbn � an+1 � an�1 � bn�1 � bn+1 � t an .(2)

When ✏an = ✏bn = 0 (no onsite potential), there is exactly
one flat and one dispersive band, whose relative positions
are tuned with t:

EFB = t, E(k) = �4 cos(k)� t . (3)
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Introduction — The e↵ect of interactions and disor-
der on wave transport in periodic potentials, such as
electrons in crystals, is strongly amplified if the band-
width (kinetic energy) is small. A particularly interesting
situation arises when some of the dispersion bands be-
come strictly flat and macroscopically degenerate. Then,
any relevant perturbation lifts the degeneracy and de-
termines the emerging highly correlated and nontrivial
eigenstates. A celebrated example is the fractional quan-
tum Hall e↵ect, which occurs as a result of interactions
and the flat-band (FB) degeneracy of Landau levels of
electrons in a magnetic field [1]. There is a growing
e↵ort [2, 3] to construct FB lattice models supporting
new topological phases, which may be realized in diverse
settings including ultracold atoms in optical lattices [4],
light in waveguide arrays [5], and exciton-polaritons in
microcavities [6], and further new wave-transport phe-
nomena [7–9]. Engineering FB lattice models has been
extended to three-dimensional (3D) [10], 2D [8, 11, 12],
and even 1D settings [13, 14].

A number of FB construction pathways using graph
theory were suggested [13, 15, 16]. They use com-
pact states which are fully localized on several lattice
sites [11, 13]. The origin of these compact flat-band states
(FBS) is destructive interference e↵ectively decoupling
FBS from the rest of the lattice, similar to antisymmet-
ric bound states in the continuum [17]. The interfero-
metric nature of FBS suggests the appearance of Fano
resonances [18], similar to the universal role of Fano in-
terference in competition with bound states in the contin-
uum [19], phase dislocations [20], and Anderson localiza-
tion [21]. The compactness of FBS significantly modifies
disorder induced localization and metal-insulator transi-
tions [10, 22, 23] and may be instrumental in achieving
topological Anderson insulators [24].

In this Letter we develop a generic detangling proce-
dure of FBS from the dispersive part of the lattice, which

allows to track the impact of perturbations in a system-
atic way. We transform and detangle the FBS and dis-
persive states into a lattice of Fano defects. Inverting
the scheme, we derive a continuum of FB models. In
the case of an on-site disorder potential, the symmetric
part of it lifts the FB degeneracy yet keeps the com-
pact localization of FBS. The antisymmetric part turns
perturbed FBS into Fano resonances, and yields Fano-
induced Cauchy tails for the potential felt by the dis-
persive states. Hence, weak disorder enforces di↵erent
energy dependent localization length scales, and highly
nontrivial mode profiles at the FB energy.
Flat band models and compact localized states — Con-

sider a lattice wave eigenvalue problem of the type E j =
✏j j �

P
j0 tjj0 j0 with complex scalar components  j ,

where the matrix tjj0 defines some coupling between
them, ✏j are onsite energies. Such a model has a band
structure E⌫(k), ⌫ = 1, 2, ..., µ (with crystal momentum
k and band index ⌫). Excluding the trivial case of just
one band, µ = 1, we consider a model with at least one
FB for which E⌫(k) = const. Due to this macroscopic de-
generacy, FB eigenvectors may be mixed to obtain highly
localized FB eigenvectors [11, 13, 25]. In Fig. 1 we show
that indeed for a set of known FB models, compact lo-
calized FB eigenvectors exist. We classify the compact
localized FBS by the number U of unit cells occupied by
each state.
Detangling into Fano lattices — The simplest 1D case

with µ = 2 and class U = 1 is the cross-stitch lattice,
shown in Fig. 1(a). Amplitude equations read

E an = ✏anan � an+1 � an�1 � bn�1 � bn+1 � t bn , (1)

E bn = ✏bnbn � an+1 � an�1 � bn�1 � bn+1 � t an .(2)

When ✏an = ✏bn = 0 (no onsite potential), there is exactly
one flat and one dispersive band, whose relative positions
are tuned with t:

EFB = t, E(k) = �4 cos(k)� t . (3)
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FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
1

2

�
✏an + ✏bn

�
, ✏�n =

1

2

�
✏an � ✏bn

�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.
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which appear due to destructive interference and local symmetry. Interference provides a deep
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Introduction — The e↵ect of interactions and disor-
der on wave transport in periodic potentials, such as
electrons in crystals, is strongly amplified if the band-
width (kinetic energy) is small. A particularly interesting
situation arises when some of the dispersion bands be-
come strictly flat and macroscopically degenerate. Then,
any relevant perturbation lifts the degeneracy and de-
termines the emerging highly correlated and nontrivial
eigenstates. A celebrated example is the fractional quan-
tum Hall e↵ect, which occurs as a result of interactions
and the flat-band (FB) degeneracy of Landau levels of
electrons in a magnetic field [1]. There is a growing
e↵ort [2, 3] to construct FB lattice models supporting
new topological phases, which may be realized in diverse
settings including ultracold atoms in optical lattices [4],
light in waveguide arrays [5], and exciton-polaritons in
microcavities [6], and further new wave-transport phe-
nomena [7–9]. Engineering FB lattice models has been
extended to three-dimensional (3D) [10], 2D [8, 11, 12],
and even 1D settings [13, 14].

A number of FB construction pathways using graph
theory were suggested [13, 15, 16]. They use com-
pact states which are fully localized on several lattice
sites [11, 13]. The origin of these compact flat-band states
(FBS) is destructive interference e↵ectively decoupling
FBS from the rest of the lattice, similar to antisymmet-
ric bound states in the continuum [17]. The interfero-
metric nature of FBS suggests the appearance of Fano
resonances [18], similar to the universal role of Fano in-
terference in competition with bound states in the contin-
uum [19], phase dislocations [20], and Anderson localiza-
tion [21]. The compactness of FBS significantly modifies
disorder induced localization and metal-insulator transi-
tions [10, 22, 23] and may be instrumental in achieving
topological Anderson insulators [24].

In this Letter we develop a generic detangling proce-
dure of FBS from the dispersive part of the lattice, which

allows to track the impact of perturbations in a system-
atic way. We transform and detangle the FBS and dis-
persive states into a lattice of Fano defects. Inverting
the scheme, we derive a continuum of FB models. In
the case of an on-site disorder potential, the symmetric
part of it lifts the FB degeneracy yet keeps the com-
pact localization of FBS. The antisymmetric part turns
perturbed FBS into Fano resonances, and yields Fano-
induced Cauchy tails for the potential felt by the dis-
persive states. Hence, weak disorder enforces di↵erent
energy dependent localization length scales, and highly
nontrivial mode profiles at the FB energy.
Flat band models and compact localized states — Con-

sider a lattice wave eigenvalue problem of the type E j =
✏j j �

P
j0 tjj0 j0 with complex scalar components  j ,

where the matrix tjj0 defines some coupling between
them, ✏j are onsite energies. Such a model has a band
structure E⌫(k), ⌫ = 1, 2, ..., µ (with crystal momentum
k and band index ⌫). Excluding the trivial case of just
one band, µ = 1, we consider a model with at least one
FB for which E⌫(k) = const. Due to this macroscopic de-
generacy, FB eigenvectors may be mixed to obtain highly
localized FB eigenvectors [11, 13, 25]. In Fig. 1 we show
that indeed for a set of known FB models, compact lo-
calized FB eigenvectors exist. We classify the compact
localized FBS by the number U of unit cells occupied by
each state.
Detangling into Fano lattices — The simplest 1D case

with µ = 2 and class U = 1 is the cross-stitch lattice,
shown in Fig. 1(a). Amplitude equations read

E an = ✏anan � an+1 � an�1 � bn�1 � bn+1 � t bn , (1)

E bn = ✏bnbn � an+1 � an�1 � bn�1 � bn+1 � t an .(2)

When ✏an = ✏bn = 0 (no onsite potential), there is exactly
one flat and one dispersive band, whose relative positions
are tuned with t:

EFB = t, E(k) = �4 cos(k)� t . (3)
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FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
1

2

�
✏an + ✏bn

�
, ✏�n =

1

2

�
✏an � ✏bn

�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.
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FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.

Flat and dispersive bands intersect if |t|  2. Introducing
the transformation

pn =
1p
2
(an + bn) , fn =

1p
2
(an � bn) , (4)

✏+n =
1

2

�
✏an + ✏bn

�
, ✏�n =

1

2

�
✏an � ✏bn

�
, (5)

we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],

E pn =
�
✏+n � t

�
pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
�
✏+n + t

�
fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.
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FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.
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FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.
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we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],
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pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)

E fn =
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fn + ✏�n pn . (7)

In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.

FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent
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FIG. 1. (color online) 1D FB lattices. Circles: lattice sites,
solid lines: hopping elements of tjj0 with value 1, dashed lines:
hopping with tunable value t. Filled circles show the location
of a compact localized state with identical wave amplitudes
and alternating signs as indicated (all other lattice sites have
strict zero amplitudes in such a FBS). Below each lattice is
its irreducible band structure. Onsite energies ✏ = 0, except
in (f) where ✏ = 1 for the upper row. Flat bands correspond
to red horizontal lines. (a) cross-stitch U = 1; (b) tunable
diamond U = 1; (c) 1D pyrochlore U = 1; (d) 1D Lieb U = 2;
(e) stub U = 2 [14]; (f) triangle U = 2.
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we obtain a lattice with dispersive degrees of freedom pn
and side-coupled Fano states fn [18],
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pn + ✏�n fn � 2 (pn+1 + pn�1) , (6)
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In the following, we refer to such lattices as “Fano lat-
tices”, see Fig. 2(a). The transformation (4)-(5) is a set of
permuting local rotations, each in the n-th vector space
{an, bn}. If the potential ✏n satisfies the local symmetry
✏�n0

= 0, its Fano state fn0 decouples completely. If all
unit cells have this symmetry, ✏�n = 0, all Fano states
decouple with individual energies Efn = (t + ✏+n ). If, in
addition, ✏+n = ✏ for all n, they form a FB.

Generating FB lattices — Let us invert the procedure.
We choose a dispersive chain Eq. (6) and set for simplicity
✏n = 0. We add a set of uncoupled Fano states fn with
energies Efn. We assign locally each fn to a site with pn.
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FIG. 2. (color online) Detangled Fano lattices. (a) Cross-
stitch lattice from Fig. 1(a) detangled with Eqs. (4-5). Hori-
zontal couplings have strength 2, and vertical couplings follow
✏�n . (b) Tunable diamond chain from Fig. 1(b).

We then perform local rotations (transformations) in the
space {pn, fn}.
Each rotation is parametrized by one angle ✓n. For

✓n = ⇡/4 and Efn = �t we obtain the original cross-
stitch lattice Eqs. (1,2). Other values of ✓n generate mod-
ified cross-stitch lattices. An additional local potential ✏�n
results in purely local coupling of a state fn into the dis-
persive chain. If the energy Efn was in resonance with
the dispersive chain, then the compact localized state fn
will act similar to a Fano resonance in the Fano-Anderson
model [18]. If all Fano states fn are coupled into the dis-
persive chain, we obtain a Fano lattice.

Similar transformations can be performed with other
models of class U = 1 (Fig. 1(a-c)). Fig. 2(b) shows
the detangled diamond chain Fig. 1(b). Moreover, we
can generalize the construction procedure: consider any
d-dimensional tight binding model with m lattice sites
per unit cell and m dispersive bands. To each group of
thesem lattice sites we assign p Fano states, perhaps with
di↵erent eigenenergies. Now we define a rotation in the
corresponding (m+ p)-dimensional vector space. If that
is done in a translationally invariant way in all unit cells,
we obtain a complex looking d-dimensional lattice, with
p flat bands. Fig. 3 shows the graphical outcome of the
simplest transformation for d = 2 and m = p = 1. The
dispersive lattice has energies E(kx, ky) = �2(cos kx +
cos ky). The FB energy can have any value.

If the Fano energies are nonuniform (e.g. random)
along the lattice, or if the rotation angles are di↵erent

FIG. 3. (color online) (a) The irreducible 2D Fano square
lattice. (b) The rotated version. Bonds show only the con-
nectivity, not the actual values. Newly appearing bonds are
green and red. Red bonds indicate a tunable hopping strength
which does not destroy the compactness of FBS.
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for di↵erent unit cells, then the complex final lattice will
even possess inhomogeneities. Nevertheless the underly-
ing system remains translationally invariant in its disper-
sive part. That concludes the U = 1 case.

For U � 2 (e.g. Fig. 1(d-f)) the detangling procedure
becomes hard, because the compact FBS do not form
an orthogonal basis. Still, we can detangle in every Uth
unit cell in the 1D models in Fig. 1 along the lines of the
U = 1 case, or similarly in two-dimensional lattices like
the Lieb [26] or checkerboard [23]. This detangles 100

U %
of the FBS, leaving the task of detangling the remain-
ing fraction. However, if we are simply concerned with
understanding the impact of disorder or similar perturba-
tions on FB models, this partial detangling is su�cient.

Generalizing our construction principle, we consider a
d-dimensional tight binding lattice with m lattice sites
per unit cell, and m dispersive bands. We choose sets of
U (possibly neighbouring) unit cells, and assign p Fano
states to each. First we rotate in the space of every Uth
assignment whose dimension is Um + p. Then we re-
peat, up to U times. For example, for a 1D tight binding
chain with U = 2 and p = 1 we assign in the first step a
Fano state to two neighbouring sites (note that we have
assigned in total N/2 Fano states, where N is the num-
ber of lattice sites). Then we rotate in the subspaces of
2 + 1 = 3 dimension each. In the second step we assign
another N/2 Fano states in a similar manner, and rotate
again. In general this produces a rather complex appear-
ing d-dimensional lattice with many hoppings between
nearest and next-to-nearest neighbors.

Disorder, localization length, and Cauchy tails — The
detangling procedure and the Fano lattice representation
allows us to systematically treat perturbations. Formally,
the FB macroscopic degeneracy makes it hard to predict
the impact of perturbations. In the detangled version,
however, it can become straightforward. Consider for
example onsite potentials ✏n in the cross-stitch lattice
Fig. 1(a) with EFB = t. As shown above, for ✏�n = 0
the Fano states remain decoupled, but their degeneracy
is lifted since ✏+n 6= 0. This generalizes to any lattice with
compact localized FBS. If the onsite energies are identi-
cal on all sites which involve a compact localized FBS,
the FBS stay compact and the Fano states remain decou-
pled. Therefore the local FBS structure dictates a certain
local symmetry. The asymmetric potential part induces
an interaction between the FBS and the dispersive states.
In particular for symmetry-related uncorrelated random
numbers ✏an = ✏bn = ✏n with probability density distri-
bution (PDF) P(✏n) = 1/W for |✏n|  W/2 and P = 0
otherwise, the Fano states of the cross-stitch lattice stay
decoupled, but acquire an energy spread of the order of
W around EFB . The dispersive lattice (6) becomes An-
derson localized with a localization length ⇠ ⇠ 1/W 2 for
weak disorder W  4 [27]. The localization length char-
acterizes the spatial decay of an eigenstate, e.g. for the
cross-stitch lattice  (a,b),n ⇠ e�|n|/⇠.

Relaxing the symmetry constraint, if ✏an is not any-
more correlated with ✏bn (but still all numbers have the
PDF P), then ✏�n 6= 0 and the Fano states locally couple
into the dispersive chain. With purely local coupling, the
Fano states can be eliminated, yielding a new equation
for the dispersive lattice:

"
E + t� ✏+n � (✏�n )

2

E � t� ✏+n

#
pn = �2 (pn�1 + pn+1) .

(8)
If |E � EFB |  W/2 (FB localization), the denominator
in the LHS of Eq.(8) produces heavy 1/z2 Cauchy tails.
This happens because the PDF W of z = 1/✏+n is
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If |E � EFB | � W/2 (dispersive localization), Cauchy
tails are absent, and the dispersive localization length
⇠DB ⇠ 1/W 2. These two di↵erent energy windows will
be present for any flat band at energy EFB in any d-
dimensional FB lattice with additional diagonal disorder.
For energies |E�EFB |  W/2 the dispersive lattice part
is dressed with Cauchy tailed disorder.
The FB localization length in the 1D case is then pre-

dicted to scale as ⇠FB ⇠ 1/W for |t| < 2 when EFB is in
resonance with the dispersive spectrum, ⇠FB ⇠ 1/W 1/2

for |t| = 2 when EFB is at the edge of the dispersive
spectrum, and ⇠FB ⇠ constant for |t| > 2 when EFB is
in a gap outside the dispersive spectrum. The first two
conclusions follow from studies of pure 1D tight binding
chains with onsite Cauchy disorder [28–32].
In the gapped case, Fano states show a disorder in

energy of order W , and an e↵ective hybridization (hop-
ping) between them of order (✏�)2 ⇠ W 2, since one has
to first excite a dispersive band state, and then return
to the Fano states. That gives a vanishing localization
length ⇠ for W ! 0 according to the standard Anderson
approach [27]. However, at any finite W one hybridiza-
tion step always connects a Fano state to the dispersive
band. Then the Fano state acts as a defect state with
a detuned energy, and generates a corresponding expo-
nentially localized state on the dispersive band states.
These can back-couple into the Fano state system and
generate the same exponential localization profile there
as well. Therefore in this third case, ⇠ does not depend
on the disorder strength W , but is entirely controlled by
the detuning of the FB energy EFB away from the dis-
persive bands into the gaps of the spectrum. ⇠ is then
obtained simply by assuming a gapped defect state at
energy EFB which is decaying into the dispersive lattice.
For the cross-stitch lattice we obtain

EFB = �4 cosh(1/⇠)� t . (10)

In Fig. 4 we show numerical computations of ⇠(W ) for
the above cases of the cross-stitch lattice. We use stan-
dard transfer matrix methods by iterating a variant of
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for di↵erent unit cells, then the complex final lattice will
even possess inhomogeneities. Nevertheless the underly-
ing system remains translationally invariant in its disper-
sive part. That concludes the U = 1 case.
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becomes hard, because the compact FBS do not form
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unit cell in the 1D models in Fig. 1 along the lines of the
U = 1 case, or similarly in two-dimensional lattices like
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of the FBS, leaving the task of detangling the remain-
ing fraction. However, if we are simply concerned with
understanding the impact of disorder or similar perturba-
tions on FB models, this partial detangling is su�cient.
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d-dimensional tight binding lattice with m lattice sites
per unit cell, and m dispersive bands. We choose sets of
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states to each. First we rotate in the space of every Uth
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assigned in total N/2 Fano states, where N is the num-
ber of lattice sites). Then we rotate in the subspaces of
2 + 1 = 3 dimension each. In the second step we assign
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detangling procedure and the Fano lattice representation
allows us to systematically treat perturbations. Formally,
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however, it can become straightforward. Consider for
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Fig. 1(a) with EFB = t. As shown above, for ✏�n = 0
the Fano states remain decoupled, but their degeneracy
is lifted since ✏+n 6= 0. This generalizes to any lattice with
compact localized FBS. If the onsite energies are identi-
cal on all sites which involve a compact localized FBS,
the FBS stay compact and the Fano states remain decou-
pled. Therefore the local FBS structure dictates a certain
local symmetry. The asymmetric potential part induces
an interaction between the FBS and the dispersive states.
In particular for symmetry-related uncorrelated random
numbers ✏an = ✏bn = ✏n with probability density distri-
bution (PDF) P(✏n) = 1/W for |✏n|  W/2 and P = 0
otherwise, the Fano states of the cross-stitch lattice stay
decoupled, but acquire an energy spread of the order of
W around EFB . The dispersive lattice (6) becomes An-
derson localized with a localization length ⇠ ⇠ 1/W 2 for
weak disorder W  4 [27]. The localization length char-
acterizes the spatial decay of an eigenstate, e.g. for the
cross-stitch lattice  (a,b),n ⇠ e�|n|/⇠.

Relaxing the symmetry constraint, if ✏an is not any-
more correlated with ✏bn (but still all numbers have the
PDF P), then ✏�n 6= 0 and the Fano states locally couple
into the dispersive chain. With purely local coupling, the
Fano states can be eliminated, yielding a new equation
for the dispersive lattice:
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If |E � EFB | � W/2 (dispersive localization), Cauchy
tails are absent, and the dispersive localization length
⇠DB ⇠ 1/W 2. These two di↵erent energy windows will
be present for any flat band at energy EFB in any d-
dimensional FB lattice with additional diagonal disorder.
For energies |E�EFB |  W/2 the dispersive lattice part
is dressed with Cauchy tailed disorder.
The FB localization length in the 1D case is then pre-

dicted to scale as ⇠FB ⇠ 1/W for |t| < 2 when EFB is in
resonance with the dispersive spectrum, ⇠FB ⇠ 1/W 1/2

for |t| = 2 when EFB is at the edge of the dispersive
spectrum, and ⇠FB ⇠ constant for |t| > 2 when EFB is
in a gap outside the dispersive spectrum. The first two
conclusions follow from studies of pure 1D tight binding
chains with onsite Cauchy disorder [28–32].
In the gapped case, Fano states show a disorder in

energy of order W , and an e↵ective hybridization (hop-
ping) between them of order (✏�)2 ⇠ W 2, since one has
to first excite a dispersive band state, and then return
to the Fano states. That gives a vanishing localization
length ⇠ for W ! 0 according to the standard Anderson
approach [27]. However, at any finite W one hybridiza-
tion step always connects a Fano state to the dispersive
band. Then the Fano state acts as a defect state with
a detuned energy, and generates a corresponding expo-
nentially localized state on the dispersive band states.
These can back-couple into the Fano state system and
generate the same exponential localization profile there
as well. Therefore in this third case, ⇠ does not depend
on the disorder strength W , but is entirely controlled by
the detuning of the FB energy EFB away from the dis-
persive bands into the gaps of the spectrum. ⇠ is then
obtained simply by assuming a gapped defect state at
energy EFB which is decaying into the dispersive lattice.
For the cross-stitch lattice we obtain

EFB = �4 cosh(1/⇠)� t . (10)

In Fig. 4 we show numerical computations of ⇠(W ) for
the above cases of the cross-stitch lattice. We use stan-
dard transfer matrix methods by iterating a variant of
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for di↵erent unit cells, then the complex final lattice will
even possess inhomogeneities. Nevertheless the underly-
ing system remains translationally invariant in its disper-
sive part. That concludes the U = 1 case.

For U � 2 (e.g. Fig. 1(d-f)) the detangling procedure
becomes hard, because the compact FBS do not form
an orthogonal basis. Still, we can detangle in every Uth
unit cell in the 1D models in Fig. 1 along the lines of the
U = 1 case, or similarly in two-dimensional lattices like
the Lieb [26] or checkerboard [23]. This detangles 100

U %
of the FBS, leaving the task of detangling the remain-
ing fraction. However, if we are simply concerned with
understanding the impact of disorder or similar perturba-
tions on FB models, this partial detangling is su�cient.

Generalizing our construction principle, we consider a
d-dimensional tight binding lattice with m lattice sites
per unit cell, and m dispersive bands. We choose sets of
U (possibly neighbouring) unit cells, and assign p Fano
states to each. First we rotate in the space of every Uth
assignment whose dimension is Um + p. Then we re-
peat, up to U times. For example, for a 1D tight binding
chain with U = 2 and p = 1 we assign in the first step a
Fano state to two neighbouring sites (note that we have
assigned in total N/2 Fano states, where N is the num-
ber of lattice sites). Then we rotate in the subspaces of
2 + 1 = 3 dimension each. In the second step we assign
another N/2 Fano states in a similar manner, and rotate
again. In general this produces a rather complex appear-
ing d-dimensional lattice with many hoppings between
nearest and next-to-nearest neighbors.

Disorder, localization length, and Cauchy tails — The
detangling procedure and the Fano lattice representation
allows us to systematically treat perturbations. Formally,
the FB macroscopic degeneracy makes it hard to predict
the impact of perturbations. In the detangled version,
however, it can become straightforward. Consider for
example onsite potentials ✏n in the cross-stitch lattice
Fig. 1(a) with EFB = t. As shown above, for ✏�n = 0
the Fano states remain decoupled, but their degeneracy
is lifted since ✏+n 6= 0. This generalizes to any lattice with
compact localized FBS. If the onsite energies are identi-
cal on all sites which involve a compact localized FBS,
the FBS stay compact and the Fano states remain decou-
pled. Therefore the local FBS structure dictates a certain
local symmetry. The asymmetric potential part induces
an interaction between the FBS and the dispersive states.
In particular for symmetry-related uncorrelated random
numbers ✏an = ✏bn = ✏n with probability density distri-
bution (PDF) P(✏n) = 1/W for |✏n|  W/2 and P = 0
otherwise, the Fano states of the cross-stitch lattice stay
decoupled, but acquire an energy spread of the order of
W around EFB . The dispersive lattice (6) becomes An-
derson localized with a localization length ⇠ ⇠ 1/W 2 for
weak disorder W  4 [27]. The localization length char-
acterizes the spatial decay of an eigenstate, e.g. for the
cross-stitch lattice  (a,b),n ⇠ e�|n|/⇠.

Relaxing the symmetry constraint, if ✏an is not any-
more correlated with ✏bn (but still all numbers have the
PDF P), then ✏�n 6= 0 and the Fano states locally couple
into the dispersive chain. With purely local coupling, the
Fano states can be eliminated, yielding a new equation
for the dispersive lattice:

"
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#
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(8)
If |E � EFB |  W/2 (FB localization), the denominator
in the LHS of Eq.(8) produces heavy 1/z2 Cauchy tails.
This happens because the PDF W of z = 1/✏+n is
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If |E � EFB | � W/2 (dispersive localization), Cauchy
tails are absent, and the dispersive localization length
⇠DB ⇠ 1/W 2. These two di↵erent energy windows will
be present for any flat band at energy EFB in any d-
dimensional FB lattice with additional diagonal disorder.
For energies |E�EFB |  W/2 the dispersive lattice part
is dressed with Cauchy tailed disorder.
The FB localization length in the 1D case is then pre-

dicted to scale as ⇠FB ⇠ 1/W for |t| < 2 when EFB is in
resonance with the dispersive spectrum, ⇠FB ⇠ 1/W 1/2

for |t| = 2 when EFB is at the edge of the dispersive
spectrum, and ⇠FB ⇠ constant for |t| > 2 when EFB is
in a gap outside the dispersive spectrum. The first two
conclusions follow from studies of pure 1D tight binding
chains with onsite Cauchy disorder [28–32].
In the gapped case, Fano states show a disorder in

energy of order W , and an e↵ective hybridization (hop-
ping) between them of order (✏�)2 ⇠ W 2, since one has
to first excite a dispersive band state, and then return
to the Fano states. That gives a vanishing localization
length ⇠ for W ! 0 according to the standard Anderson
approach [27]. However, at any finite W one hybridiza-
tion step always connects a Fano state to the dispersive
band. Then the Fano state acts as a defect state with
a detuned energy, and generates a corresponding expo-
nentially localized state on the dispersive band states.
These can back-couple into the Fano state system and
generate the same exponential localization profile there
as well. Therefore in this third case, ⇠ does not depend
on the disorder strength W , but is entirely controlled by
the detuning of the FB energy EFB away from the dis-
persive bands into the gaps of the spectrum. ⇠ is then
obtained simply by assuming a gapped defect state at
energy EFB which is decaying into the dispersive lattice.
For the cross-stitch lattice we obtain

EFB = �4 cosh(1/⇠)� t . (10)

In Fig. 4 we show numerical computations of ⇠(W ) for
the above cases of the cross-stitch lattice. We use stan-
dard transfer matrix methods by iterating a variant of
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local symmetry. The asymmetric potential part induces
an interaction between the FBS and the dispersive states.
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otherwise, the Fano states of the cross-stitch lattice stay
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W around EFB . The dispersive lattice (6) becomes An-
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for |t| = 2 when EFB is at the edge of the dispersive
spectrum, and ⇠FB ⇠ constant for |t| > 2 when EFB is
in a gap outside the dispersive spectrum. The first two
conclusions follow from studies of pure 1D tight binding
chains with onsite Cauchy disorder [28–32].
In the gapped case, Fano states show a disorder in

energy of order W , and an e↵ective hybridization (hop-
ping) between them of order (✏�)2 ⇠ W 2, since one has
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to the Fano states. That gives a vanishing localization
length ⇠ for W ! 0 according to the standard Anderson
approach [27]. However, at any finite W one hybridiza-
tion step always connects a Fano state to the dispersive
band. Then the Fano state acts as a defect state with
a detuned energy, and generates a corresponding expo-
nentially localized state on the dispersive band states.
These can back-couple into the Fano state system and
generate the same exponential localization profile there
as well. Therefore in this third case, ⇠ does not depend
on the disorder strength W , but is entirely controlled by
the detuning of the FB energy EFB away from the dis-
persive bands into the gaps of the spectrum. ⇠ is then
obtained simply by assuming a gapped defect state at
energy EFB which is decaying into the dispersive lattice.
For the cross-stitch lattice we obtain
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In Fig. 4 we show numerical computations of ⇠(W ) for
the above cases of the cross-stitch lattice. We use stan-
dard transfer matrix methods by iterating a variant of
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FIG. 4. Localization length scaling ⇠(W ) ⇠ W�� for the
cross-stitch lattice. For FBS in the continuum, |E � t| < 2,
the scaling is � = 1 (t = 0, 1). At the band edge, E = �t =
�2, the scaling is � = 1/2 (t = 2). With FBS in the gap,
saturation to constant values occurs (t = 2.001, t = 3). Note
the transient following of the band edge law � = 1/2 down to
W ⇠ |t| � 2 from where on the gap is resolved. Finally, for
t = 0 we show ⇠(W ) for dispersive states at E = 2, � = 2.

Eq. (8) (see e.g. Ref. [27]). We obtain excellent agree-
ment with the predictions, observing the correct scal-
ing laws. Moreover, in the gapped cases Eq. (10) gives
⇠ = 31.6 for t = 2.001, and ⇠ = 1.04 for t = 3, in perfect
agreement with the numerical results for small W .

Sparse eigenstates — We can now discuss the shape
of the disordered FB eigenstates. Consider the propa-
gation of a wave at energy EFB . While dispersing in
the sublattice Eq. (6), the wave encounters a Fano reso-
nance with a FBS having an energy close enough to EFB .
This scattering event involves a very strong population
of the Fano state [18]. Since the Fano state is coupled
to the continuum with strength W and the continuum
has group velocities ⇠ t (here t = 1), the Fano resonance
width is W 2/t. Fano energies are distributed randomly
in an interval of width W . Fano states appear at each
unit cell, and each is in resonance with the propagation
energy EFB with probability W 2/tW = W/t. If a local-
ized state is characterized by a length ⇠, we will count
on average W ⇠/t Fano resonances in the volume ⇠. Each
resonance contributes to a large peak in the eigenvector.
The participation number P = 1/

P
n(|an|4+ |bn|4) mea-

sures the numbers of peaks. It follows that P ⇠ W ⇠/t. If
EFB is in resonance with the dispersive band, P becomes
independent of W in the weak disorder limit, despite the
divergence of the localization length ⇠ ⇠ 1/W . Therefore
disordered FB eigenstates have a sparse structure with a
finite number of peaks and an increasing distance be-
tween them as W ! 0. We test that for the cross-stitch
lattice by computing the average over the participation
number P at the energy EFB for t = 0 and di↵erent
disorder strengths. We confirm that P remains finite as
W ! 0: P (W = 1) ⇡ 8, and P (W = 0.01) ⇡ 9.

In higher dimensions d, Fano states will scatter in a
similar way with resonance width W 2/t independent of
the dimensionality of the continuum. But eigenstates
now occupy a volume of order ⇠d, yielding on average
W ⇠d/t resonances. Also, ⇠ is expected to diverge faster
for weak disorder in d = 2, and allow for mobility edges
and complete divergence at finite disorder values in d = 3.

For d = 2, even the conservative ansatz ⇠ ⇠ 1/W yields
a divergence of the participation number of FB states at
weak disorder, but still much slower than the growth of
the localization volume ⇠d itself. The localized eigen-
vectors will then have a growing localization volume, a
growing number of peaks within, and a growing distance
between these peaks, i.e. a growing sparsity, signalling
a fractal structure of the FB eigenstates as discussed in
[23]. In the d = 3 case, for a FB energy at the mobility
edge, not only fractal FB states, but perhaps a more intri-
cate modification of the metal-insulator transition point
can be expected. Thus, we expect qualitatively di↵erent
behaviour compared to the inverse Anderson transition
in Ref. [10], where no dispersive bands were present.

Conclusions and outlook — Previously the localiza-
tion length at the FB energy EFB = 0 of the diamond
chain Fig. 1(b) was evaluated [33]. At this particle hole
symmetric point, ⇠ ⇠ 1/W 1.3 was observed, distinct from
the expected Cauchy law 1/W . When EFB 6= 0, away
from the particle hole symmetric point, we found com-
plete agreement with the Cauchy prediction. The singu-
lar behaviour at EFB = 0 remains to be explained.

We predict that in 2D and 3D, the impact of flat band
disorder will be again the generation of heavy Cauchy
tails in the e↵ective disorder potential for dispersive
waves. It will be therefore very useful to understand the
impact of Cauchy tailed disorder in these dimensions.

O↵-diagonal disorder can also be induced in the matrix
elements tjj0 , experimentally accessible with microwave
resonator networks [34]. Local symmetries will similarly
determine whether the FBS couple into the dispersive
lattice and generate Fano resonances.

We appreciate useful discussions with O. Derzhko, A.
Miroshnichenko, R. Moessner, and J. Richter. DL and
ASD acknowledge support from the Australian Research
Council.
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FIG. 5: The tunable diamond ladder. Below ⌫ is replaced by t.

For zero potential ✏ = 0 we obtain one flat band with energy Ef = �t and two dispersive bands with energy

E(k) =
1

2
(t±

p
t2 + 16(1 + cos k)) (16)

The flat band intersects with the dispersive band at t2 = 2(1 + cos k) which happens for |t|  2.
For nonzero onsite potentials, but with the symmetry condition ✏�n = 0 we find that the original flat band states

(FBS) lift their degeneracy but stay compact localized and keep their eigenvectors. For consistency we will keep their
notation as FBS although the degeneracy is lifted. Their energies now read Efn = ✏+n � t. The p, b sublattice is still
decoupled from the FBS. It is a tight binding chain with hopping strength

p
2 and alternating onsite energies (✏+n + t)

and ✏bn. E.g. for weak compact uncorrelated disorder �W/2  ✏+ , ✏b  W/2 the localization length will scale as
⇠ ⇠ W�� with � = 2.
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Gapped FB with U = 1 : ⇠(W ! 0) ! constant 6= 0



1D cross-stitch, Aubry-Andre model ✏an = �✏bn = � cos(2⇡↵n)
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FIG. 3. Spectrum for ✓ = 0.25 and t = 0. The mobility edge
is indicated by the red line while the extended state region is
shaded in light red.

of states: at this energy value, it follows from the above

✏�n pn = 0 ) pn = 0 ,

for all n 2 Z, since in general ✏�n 6= 0. Then, from the

first equation

✏�n fn = 0 ) fn = 0.

Only a trivial state (pn, fn) = (0, 0) satisifies Eq.(4) at

the energy E = �t.
An analytical solution for the ME can be expressed

for this antisymmetric case. Placing Eq.(4) into only pn
coordinates

(E � t) pn =
(✏�n )

2

E + t
pn � 2(pn�1 + pn+1)

By trigonometric bisection

(✏�n )
2
= �2

cos
2
(2⇡↵n) =

�2

2
[1 + cos(4⇡↵n)] . (5)

Using within the prior equation gives

Ẽ pn =
�2

4(E + t)
cos(4⇡↵n)� (pn�1 + pn+1),

where Ẽ :=
E � t

2
� �2

4(E + t)
.

which is nothing more than an Aubry-André chain, but

with the onsite potential strength now dependent on �
and E. Since the MIT occurs at a strength 2 an equality

can be imposed, resulting in an analytic expression for

the mobility edge curve

����
�2

4(E + t)

���� = 2 ) �(E) = 2

p
2|E + t| (6)

At E = �t the mobility edge curve is 0 and singular -

corresponding to the lack of any states. In Fig.4 a plot of

the spectrum and its ME is shown, for this antisymmetric

case with t = 0. The analytic curve of the ME is observed

to follow that numerically obtained with the recursive

method of Eq.(3).
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FIG. 4. Spectrum for antisymmetric case (✓ = 0.5) and t = 0.
The extended state region is shaded red, while the localized
region is unshaded. The analytic ME curve, Eq.(6) is shown
in blue.

IV. DIAMOND LATTICE

Under the coordinate transform of Eq.(1), the ampli-

tude equations become

(E � t) pn = ✏+n pn + ✏�n fn �
p
2(cn + cn+1)

(E + t) fn = ✏+n fn + ✏�n pn

(E � ✏cn) cn = �
p
2(pn�1 + pn)

(7)

Again the dispersive coordinate pn is coupled to the

3
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FIG. 3. Spectrum for ✓ = 0.25 and t = 0. The mobility edge
is indicated by the red line while the extended state region is
shaded in light red.

of states: at this energy value, it follows from the above

✏�n pn = 0 ) pn = 0 ,

for all n 2 Z, since in general ✏�n 6= 0. Then, from the

first equation

✏�n fn = 0 ) fn = 0.

Only a trivial state (pn, fn) = (0, 0) satisifies Eq.(4) at

the energy E = �t.
An analytical solution for the ME can be expressed

for this antisymmetric case. Placing Eq.(4) into only pn
coordinates

(E � t) pn =
(✏�n )

2

E + t
pn � 2(pn�1 + pn+1)

By trigonometric bisection

(✏�n )
2
= �2

cos
2
(2⇡↵n) =

�2

2
[1 + cos(4⇡↵n)] . (5)

Using within the prior equation gives

Ẽ pn =
�2

4(E + t)
cos(4⇡↵n)� (pn�1 + pn+1),

where Ẽ :=
E � t

2
� �2

4(E + t)
.

which is nothing more than an Aubry-André chain, but

with the onsite potential strength now dependent on �
and E. Since the MIT occurs at a strength 2 an equality

can be imposed, resulting in an analytic expression for

the mobility edge curve

����
�2

4(E + t)

���� = 2 ) �(E) = 2

p
2|E + t| (6)

At E = �t the mobility edge curve is 0 and singular -

corresponding to the lack of any states. In Fig.4 a plot of

the spectrum and its ME is shown, for this antisymmetric

case with t = 0. The analytic curve of the ME is observed

to follow that numerically obtained with the recursive

method of Eq.(3).
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FIG. 4. Spectrum for antisymmetric case (✓ = 0.5) and t = 0.
The extended state region is shaded red, while the localized
region is unshaded. The analytic ME curve, Eq.(6) is shown
in blue.

IV. DIAMOND LATTICE

Under the coordinate transform of Eq.(1), the ampli-

tude equations become

(E � t) pn = ✏+n pn + ✏�n fn �
p
2(cn + cn+1)

(E + t) fn = ✏+n fn + ✏�n pn

(E � ✏cn) cn = �
p
2(pn�1 + pn)

(7)

Again the dispersive coordinate pn is coupled to the

3

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. .................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... .................................................................................................................................................. ................................................................................................................................................. ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .................................................................................................................................................. ............................................................................................................................................................................................................................................ ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... .......................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .............................................................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... .......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... .......................................................................................................................................................................................................................................................................................................................................................................... .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ....................................................................................................................................................................................................................................................................................................... .......................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ................................................................................................................................................................................................................................................................................................... ........................................................................................... .................................................................................................................................................................................................................................................................................................... .......................................................................................... ..........................................................................................................................................

-8 -6 -4 -2 0 2 4 6 8

E

0

2

4

6

8

λ

FIG. 3. Spectrum for ✓ = 0.25 and t = 0. The mobility edge
is indicated by the red line while the extended state region is
shaded in light red.

of states: at this energy value, it follows from the above

✏�n pn = 0 ) pn = 0 ,

for all n 2 Z, since in general ✏�n 6= 0. Then, from the

first equation

✏�n fn = 0 ) fn = 0.

Only a trivial state (pn, fn) = (0, 0) satisifies Eq.(4) at

the energy E = �t.
An analytical solution for the ME can be expressed

for this antisymmetric case. Placing Eq.(4) into only pn
coordinates

(E � t) pn =
(✏�n )

2

E + t
pn � 2(pn�1 + pn+1)

By trigonometric bisection

(✏�n )
2
= �2

cos
2
(2⇡↵n) =

�2

2
[1 + cos(4⇡↵n)] . (5)

Using within the prior equation gives

Ẽ pn =
�2

4(E + t)
cos(4⇡↵n)� (pn�1 + pn+1),

where Ẽ :=
E � t

2
� �2

4(E + t)
.

which is nothing more than an Aubry-André chain, but

with the onsite potential strength now dependent on �
and E. Since the MIT occurs at a strength 2 an equality

can be imposed, resulting in an analytic expression for

the mobility edge curve

����
�2

4(E + t)

���� = 2 ) �(E) = 2

p
2|E + t| (6)

At E = �t the mobility edge curve is 0 and singular -

corresponding to the lack of any states. In Fig.4 a plot of

the spectrum and its ME is shown, for this antisymmetric

case with t = 0. The analytic curve of the ME is observed

to follow that numerically obtained with the recursive

method of Eq.(3).
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FIG. 4. Spectrum for antisymmetric case (✓ = 0.5) and t = 0.
The extended state region is shaded red, while the localized
region is unshaded. The analytic ME curve, Eq.(6) is shown
in blue.

IV. DIAMOND LATTICE

Under the coordinate transform of Eq.(1), the ampli-

tude equations become

(E � t) pn = ✏+n pn + ✏�n fn �
p
2(cn + cn+1)

(E + t) fn = ✏+n fn + ✏�n pn

(E � ✏cn) cn = �
p
2(pn�1 + pn)

(7)

Again the dispersive coordinate pn is coupled to the

3
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FIG. 3. Spectrum for ✓ = 0.25 and t = 0. The mobility edge
is indicated by the red line while the extended state region is
shaded in light red.

of states: at this energy value, it follows from the above

✏�n pn = 0 ) pn = 0 ,

for all n 2 Z, since in general ✏�n 6= 0. Then, from the

first equation

✏�n fn = 0 ) fn = 0.

Only a trivial state (pn, fn) = (0, 0) satisifies Eq.(4) at

the energy E = �t.
An analytical solution for the ME can be expressed

for this antisymmetric case. Placing Eq.(4) into only pn
coordinates

(E � t) pn =
(✏�n )

2

E + t
pn � 2(pn�1 + pn+1)

By trigonometric bisection

(✏�n )
2
= �2

cos
2
(2⇡↵n) =

�2

2
[1 + cos(4⇡↵n)] . (5)

Using within the prior equation gives

Ẽ pn =
�2

4(E + t)
cos(4⇡↵n)� (pn�1 + pn+1),

where Ẽ :=
E � t

2
� �2

4(E + t)
.

which is nothing more than an Aubry-André chain, but

with the onsite potential strength now dependent on �
and E. Since the MIT occurs at a strength 2 an equality

can be imposed, resulting in an analytic expression for

the mobility edge curve

����
�2

4(E + t)

���� = 2 ) �(E) = 2

p
2|E + t| (6)

At E = �t the mobility edge curve is 0 and singular -

corresponding to the lack of any states. In Fig.4 a plot of

the spectrum and its ME is shown, for this antisymmetric

case with t = 0. The analytic curve of the ME is observed

to follow that numerically obtained with the recursive

method of Eq.(3).
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FIG. 4. Spectrum for antisymmetric case (✓ = 0.5) and t = 0.
The extended state region is shaded red, while the localized
region is unshaded. The analytic ME curve, Eq.(6) is shown
in blue.

IV. DIAMOND LATTICE

Under the coordinate transform of Eq.(1), the ampli-

tude equations become

(E � t) pn = ✏+n pn + ✏�n fn �
p
2(cn + cn+1)

(E + t) fn = ✏+n fn + ✏�n pn

(E � ✏cn) cn = �
p
2(pn�1 + pn)

(7)

Again the dispersive coordinate pn is coupled to the

3
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FIG. 3. Spectrum for ✓ = 0.25 and t = 0. The mobility edge
is indicated by the red line while the extended state region is
shaded in light red.

of states: at this energy value, it follows from the above

✏�n pn = 0 ) pn = 0 ,

for all n 2 Z, since in general ✏�n 6= 0. Then, from the

first equation

✏�n fn = 0 ) fn = 0.

Only a trivial state (pn, fn) = (0, 0) satisifies Eq.(4) at

the energy E = �t.
An analytical solution for the ME can be expressed

for this antisymmetric case. Placing Eq.(4) into only pn
coordinates

(E � t) pn =
(✏�n )

2

E + t
pn � 2(pn�1 + pn+1)

By trigonometric bisection

(✏�n )
2
= �2

cos
2
(2⇡↵n) =

�2

2
[1 + cos(4⇡↵n)] . (5)

Using within the prior equation gives

Ẽ pn =
�2

4(E + t)
cos(4⇡↵n)� (pn�1 + pn+1),

where Ẽ :=
E � t

2
� �2

4(E + t)
.

which is nothing more than an Aubry-André chain, but

with the onsite potential strength now dependent on �
and E. Since the MIT occurs at a strength 2 an equality

can be imposed, resulting in an analytic expression for

the mobility edge curve

����
�2

4(E + t)

���� = 2 ) �(E) = 2

p
2|E + t| (6)

At E = �t the mobility edge curve is 0 and singular -

corresponding to the lack of any states. In Fig.4 a plot of

the spectrum and its ME is shown, for this antisymmetric

case with t = 0. The analytic curve of the ME is observed

to follow that numerically obtained with the recursive

method of Eq.(3).

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................. ............................................................................................................................................................................................ .................................................................................................................................................................................................................................................................................................................

.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................

.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................

.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. ................................................................................................................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .................................................................................................................................................................................................................. ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .................................................................................................................................................................................................................. ............................................................................................................................................................................................ ................................................................................................................................................................................................................... . .............................................................................................
.............................................................................................. .................................................................................................................................................................................................................. ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .................................................................................................................................................................................................................. ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .............................................................................................. .................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .............................................................................................. .................................................................................................................... ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ ................................................................................................................................................................................................................... ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ..................................................................................................................... ..............................................................................................
.............................................................................................. ............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. .................................................................................................................... ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. ...................... ........................................................................ ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ........................................................................ ...................... ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
.............................................................................................. .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ..............................................................................................
......................................................................................... .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. .........................................................................................
............................ .............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... .............................................................................................. ............................

.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................
.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................
.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................
.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................
.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................
.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................
.............................................................................................. ...................... .............................................................................................. ............................................................................................................................................................................................ .............................................................................................. ...................... ..............................................................................................

-10 -8 -6 -4 -2 0 2 4 6 8 10

E

0

2

4

6

8

10

λ

FIG. 4. Spectrum for antisymmetric case (✓ = 0.5) and t = 0.
The extended state region is shaded red, while the localized
region is unshaded. The analytic ME curve, Eq.(6) is shown
in blue.

IV. DIAMOND LATTICE

Under the coordinate transform of Eq.(1), the ampli-

tude equations become

(E � t) pn = ✏+n pn + ✏�n fn �
p
2(cn + cn+1)

(E + t) fn = ✏+n fn + ✏�n pn

(E � ✏cn) cn = �
p
2(pn�1 + pn)

(7)

Again the dispersive coordinate pn is coupled to the

Mobility edge (energy dependent potential strength at metal-insulator transition)

Bodyfelt,Leykam,Danieli,Yu,SF, PRL 2014
Danieli,Bodyfelt,SF, PRB 2015



Cross-stitch                                diamond                            modified diamond

Quasiperiodic perturbations: engineering MIT and mobility edges!

Bodyfelt,Leykam,Danieli,Yu,SF, PRL 2014
Danieli,Bodyfelt,SF, PRB 2015



Landau-Zener Bloch oscillations with perturbed flat bands

Khomeriki,SF, PRL 116 24301 (2016)
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All Bands Flat + Disorder è Metal-Insulator Transitions



All Bands Flat + Disorder è Metal-Insulator Transitions in d=3



All Bands Flat + disorder potentials è metal-insulator transitions



All Bands Flat + quasiperiodic potentials è Fractality Edges in d=1



Experiments: FBs !
2014

2012



Compact Localized States in FB Hamiltonians : experiments

(a) (b)

2nm

Dispersive band Flat bandMagnetic flux quanta f

(a) Aharonov-Bohm cage in a superconducting wire network. 
The superconducting transition width shows a broad peak 
in the flat band limit f = ½ due to compact localized states. 
C.C.Abilio,P.Butaud,T.Fournier,B.Pannetier,J.Vidal,S.TedescoandB.Dalzotto
Phys. Rev. Lett. 83 (1999) 5102 
(b) Selective imaging of dispersive and flat band states of an electronic Lieb lattice.
R. Drost, T. Ojanen, A. Harju and P. Liljeroth, Nat. Phys. 13 (2017), 668 

(a) (b)
An optical Lieb lattice for cold atoms. Lattice potential formed by five interfering 
standing waves.Lattice sites lie at the potential minima in blue. 
Band structure for shallow (red dashed lines) and deep (solid black lines) lattices. 
S. Taie, H. Ozawa, T. Ichinose, T. Nishio, S. Nakajima and T. Takahashi, Sci. Adv. 1 (2015) 

(b) (c)(a)
Examples of photonic flat bands.
(a) Kagome lattice for terahertz spoof plasmons, displaying an omnidirectional minimum 
in the transmission at the flat band frequency (dashed line). 
Y. Nakata, T. Okada, T. Nakanishi and M. Kitano, Phys. Rev. B 85 (2012) 205128 
(b) Femtosecond laser-written Lieb lattice waveguide arrays and an observed 
compact localized flat band state. 
R.A. Vicencio, C. Cantillano, L. Morales-Inostroza, B. Real, C. Mejía-Cortés, S. Weimann, 
A. Szameit and M.I. Molina, Phys. Rev. Lett. 114 (2015) 245503 
(c) Structured microcavity forming a 1D stub lattice and its 
photoluminescence spectrum revealing a middle flat band.
F. Baboux, L. Ge, T. Jacqmin, M. Biondi, E. Galopin, A. Lemaître, L. Le Gratiet, I. Sagnes, 
S. Schmidt, H.E. Türeci, A. Amo and J. Bloch, Phys. Rev. Lett. 116 (2016) 066402 



Compact Localized States in FB Hamiltonians : experiments

(a) (b)

x
zy

Input

Lieb lattice for spoof surface plasmons.
S. Kajiwara, Y. Urade, Y. Nakata, T. Nakanishi, and M. Kitano,
Phys. Rev. B 93, 075126 (2016). 

(a)
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10mm

Novel platforms for exploring photonic flat bands. 
(a) Coupled resonator lattices. 
Top: Lieb-like lattice formed by detuned “site” (blue) and “link” (red) rings.
Bottom: scanning electron microscope image of the lattice.
M. Hafezi, S. Mittal, J. Fan, A. Migdall, and J. M. Taylor, Nature Photon. 7, 1001 (2013).
(b) Photonic crystals. 
Top: Simulated band structure of 1D photonic crystal waveguide formed by removing 
a row of holes from kagome photonic crystal. 
Bottom: Fabricated photonic crystal membrane. 
S. A. Schulz, J. Upham, L. O’Faolain, and R. W. Boyd, Opt. Lett. 42, 3243 (2017) 
(c) Microwave circuit QED. 
Top: Space-resolved imaging of a dispersive band eigenstate of a kagome lattice 
of 49 coupled microwave resonators. 
Bottom: Picture of the device. 
D. L. Underwood, W. E. Shanks, A. C. Y. Li, L. Ateshian, J. Koch, and A. A. Houck, 
Phys. Rev. X 6, 021044 (2016)



Compact Localized States in FB Hamiltonians : experiments



Compact Localized States in FB Hamiltonians : experiments





flat band physics
2. many body flat band physics      

Sergej Flach
Center for Theoretical Physics of Complex Systems

Institute for Basic Science
Daejeon South Korea                                                                                       

Adv Phys: X 3 1473052 (2018)  ;  APL PHOTONICS 3 070901 (2018)

1. nonlinear CLS

2. many body flat band focalization

3. disorder free many body localization

4. trapping hard core bosons



Nonlinear Perturbations: Compact Discrete Breathers 

All Bands Flat & Nonlinear Perturbations: Compact Caging 

Finetuning: FBs

More Finetuning: ABF

Even More Finetuning + Nonlinearity: 
Caging of Any Compact Dynamical State
Danieli,Andreanov,Mithun,Flach PRB 104, 085131 (2021)

Homogeneous CLS: continue into families of compact DBs

Inhomogeneous CLS: continue into families of usual DBs
additional finetuning: isolated compact DBs

Kevrekidis,Konotop (2002)
Johansson,Naether,Vicencio (2015)
Belicev,Gligoric,Maluckov,Stepic,Johansson (2017)
Danieli,Maluckov,Flach (2018)

|an|

0

0.1

0.2

0.3

0.4

0.5

0.6

0 250 500 750 1000

t

1

1.25

1.5

1.75

P

0 200 400 600 800

t

0

20

40

60

80
(d)(c)

|an|

0

0.05

0.10

0.15

0.20

0.25

0.30

Sn

0
0.2
0.4
0.6
0.8
1.0

Sn

0
0.2
0.4
0.6
0.8
1.0

Sn

0
0.2
0.4
0.6
0.8
1.0

Sn

0
0.2
0.4
0.6
0.8
1.0

(a1)

(a2)

(b1)

(b2)

finetuned          not finetuned



All Bands Flat + Interactions è Many Body Flat Band Localization

Many-body interactions:

Ø restore transport in general

Ø two particle transport channels

Ø density assisted single particle transport channels

Ø Can we finetune interactions to prohibit transport?



All Bands Flat + Interactions è Many Body Flat Band Localization

<latexit sha1_base64="c7bf5wxuralL3AjLv9r6y88+0cQ="></latexit>

[f̂k, f̂k0 ] = [ĝ, ĝ0 ] = 0 for any k, k0,,0

semi-detangled (SD) : 

<latexit sha1_base64="7sqPcqm5YiBadkeUjV0AKUBdkI0=">AAACDXicbZDLSsNAFIYnXmu9VV26GWwFF1KSIuqy6MZlBXuBJoST6aQdOpnEmYlQQl/Aja/ixoUibt27821M0iy09YeBj/+cw5nzexFnSpvmt7G0vLK6tl7aKG9ube/sVvb2OyqMJaFtEvJQ9jxQlDNB25ppTnuRpBB4nHa98XVW7z5QqVgo7vQkok4AQ8F8RkCnllup1fr2CHTiT93xKc5xOHXtMUQROLag99isld1K1aybufAiWAVUUaGWW/myByGJAyo04aBU3zIj7SQgNSOcTst2rGgEZAxD2k9RQECVk+TXTPFx6gywH8r0CY1z9/dEAoFSk8BLOwPQIzVfy8z/av1Y+5dOwkQUayrIbJEfc6xDnEWDB0xSovkkBSCSpX/FZAQSiE4DzEKw5k9ehE6jbp3Xz24b1eZVEUcJHaIjdIIsdIGa6Aa1UBsR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzBwYqmuE=</latexit>

[f̂k, ĝ] 6= 0

If f=0 or g=0 : no charge transport, no energy transport

If not : it depends

Fully-detangled (FD):
f diagonal, g product of densities



All Bands Flat + Interactions è Many Body Flat Band Localization

Local integrals of motion: 



All Bands Flat + Interactions è Many Body Flat Band Localization

No charge transport



All Bands Flat + Interactions è Many Body Flat Band Localization

Energy/heat transport?

blocking unit cell: full or empty i.e. only one state, blocks heat

d=1 : no heat transport except on Hilbert state subset of measure zero

d=2,3 : percolation transition upon varying filling factor,
            even in percolating phase suppression of heat transport
            due to charge disorder 



Not All Bands Flat + Interactions è Disorder Free MBL !

Motivated by numerical indications of Dahm et al è

take a mixed dispersive + FB band structure

flat band : orthonormal

finite number of local unitaries detangle the FB   è

Add interactions in detangled basis with only density terms on the FB basis

Apply inverse unitaries and ‘entangle’

Charges in FB are locked

Interaction between charges in dispersive states

Interaction induced scattering between dispersive states and locked FB charges

è THIS IS DISORDER FREE MBL !



Not All Bands Flat + Interactions è Many Body Flat Band Localization



Not All Bands Flat + Interactions è Many Body Flat Band Localization



CLS can trap hard core bosons



Take homes

• Flat bands: macroscopic degeneracy

• Destructive interference produces compact localization: CLS

• CLS based FB generators systematically unravel all FB systems

• Finetuned FB model classes have rich internal structure

• Weak disorder: MITs and fractality edges

• Finetuned interactions: compact charge localization
compact heat localization
heat percolation
disorder free MBL
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